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Abstract 

We discuss the Wilson renormalization group approach to the effective action for low x 
physics. It is shown that in the linearized, weak field regime the RG equation reduces to 
the BFKL equation for the evolution of the unintegrated gluon density. We discuss the 
relation of this approach with that of Lipatov. 
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1 Introduction 


Physics of dense gluon systems is one of the most rapidly growing branches of quantum 
theory of strong interactions (see [|^ for a recent review). The recent wave of interest 
was sparked by experimental data on deep inelastic scattering p| showing a considerable 
growth of gluon density in a proton at small Bjorken x. 

Theoretical understanding of small x physics is a fascinating problem in itself be¬ 
cause it envolves a delicate blend of perturbative and nonperturbative QCD physics. 
On the one hand, due to large partonic densities, the QCD coupling constant in this 
region is expected to be small. On the other hand however, the large density must also 
lead to appearance of some collective effects (perhaps similar to the ones often disussed 
in the framework of the high temperature QCD) which should be taken into account 
nonperturbatively. 


The perturbative paradigm of the low x gluon physics is the famous BFKL equation 
IQ. It resums all contributions of the form (a^ In l/x)”' in the naive perturbative series. 
This is a linear equation, which describes the evolution with x of the unintegrated gluon 
density ip{y = Inl/x, k), related to the standard gluon distribution function xg{x,Q‘^) 
by 

xg{x,Q^)=j^ —^{x,]i) (1) 

The equation is 


q^) (^sNc 


dy 


TT^ 


(fk iP(q, k)(p(|/, k) 


The action of the BFKL kernel on a function reads 


( 2 ) 


iF(q, k)(p(|/, k) = J (fk 


k) -|- iC^j,.j(q, k) 


‘^(2/,k) 


where 


J (fk Kre{q, k)v7(2/, k) = J (fk 


( 3 ) 
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is the contribution of real gluon emission to the evolution in In l/x and 

J d^kK^irt{q,'k)ip{y,k) = -y J q) (4) 

is the correspoding virtual contribution which eventually leads (after resummation) to 
the gluon reggeization 0], 0. 

The solution of the BFKL equation exhibits a powerlike growth at small x, 

(5) 

Jb 

which leads to apparent violation of unitarity at very small x. It was argued a long time 
ago p that eventually the system should enter a new regime, where the rate of growth 
of the gluon density slows down and eventually saturates, thus curing a potential conflict 
with unitarity of the underlying scattering. The responsibility for the slow down and the 
saturation should lie with the nonperturbative hnite density effects which are left out 
entirely from the BFKL evolution. The restoration of unitarity in high energy (density) 
limit of QCD remains an outstanding problem which remains unsolved although several 
approaches are being explored in the literature i. 0.0- 

This paper is based on the approach hrst proposed by McLerran and Venugopalan 
IP] in the context of ultrarelativistic heavy ion collisions. The idea in [P is that there 
is a regime of high density and weak coupling in which semiclassical methods should 
apply. It is therefore suggested that the leading small x glue structure of the nucleus is 
due to the classical gluon held which is created by the random color charges of energetic 
on-shell partons. The nonlinearities of the Yang - Mills equations exhibit themselves 
already on this classical level and it is therefore possible that they provide the necessary 
saturation mechanism at low x. It is to be stressed that this approach is intrinsically 
nonperturbative since both the color charge density and the classical glue helds (gluon 
density) are not considered to be small when solving the classical equations. 
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Originally only the valence quarks were considered as the sources of the color held 


ip. It turned out that the quantum corrections to this approximation are big at 
low X. Physically this is understandable since at asymptotically small x the source for 
the glue held should include not only the valence quarks but all “on shell” partons with 
longitudinal momenta p'^ > xP^ (where is the momentum of a hadron). 


Experimentallly it is known p| that the dominant contribution to the proton structure 
function at small Bjorken x is given by gluons. Their relative contribution, compared to 
the valence quark contribution, grows when x becomes smaller. 


At small X therefore gluons give the main contribution to the color charge density. 
The typical corrections to the leading order semiclassical results were of order of In 1/x 
showing the necessity of resumming the leading Inl/x contribution. 


The Wilson Renormalization Group approach to this resummation was developed in 
O- The idea is to generate an effective Lagrangian for low x helds by integrating out all 
quantum fluctuations around the classical background with longitudinal momenta p"*" > 
xP^. The low X glue held then should be determined by solving classical equations that 
follow from this effective Lagrangian. The main effect of this integrating out procedure 
is the change in the color charge density distribution in the effective Lagrangian. It was 
also realized in that when formulated in this way, the effective Lagrangian approach 
should be applicable not only to heavy ions but to ordinary hadrons as well. The double 
logarithmic asymtotics in Ing^lnl/x was considered within this framework as the hrst 
step in . The validity of this RG approach should not depend on whether the classical 
background glue held is strong or not. It is most interesting therefore to apply it to the 
strong held - high density situation. However, before plunging into the nonlinear realm 
of strong helds, it is natural to ask whether the approach of at a simple linear level 
reproduces the BFKL evolution equation. This is in fact a crucial test for the whole 
semiclassical philosophy, the importance of which was recognized already in |P]. The 
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answer to this question turns out to be affirmative. 


Derivation of BFKL evolution equation from the renormalization group improved 
low X effective action is the main subject of this paper. We shall also comment on the 
relation of this approach to that of Lipatov 0. The paper is organized as follows. In 
Section 2 we describe in some detail the structure of the low x effective action and the 
renormalization group procedure. In Section 3 we calculate the RG equation in the weak 
held limit and show that in this limit it reduces to the BFKL equation for the DIS gluon 
distribution function. In Section 4 we comment on the relation of our approach to that 
of Lipatov and make some closing remarks. 


2 The effective action and the renormalization group 

The starting point of our approach is the following action given in the Light Cone gauge 
R+ = 0 

S = i J (fxtF[p'^{xt)] (6) 

- J d'^x^G"^ + ^ J d'^Xtdx~S{x~)p'"{xt)tTTaW_oc,oc[A~]{x~,Xt) 

(7) 


Here is the gluon held strength tensor 


Cr = S'-A: - a-A^^ + gUA^.A'i 


( 8 ) 


Ta are the SU{N) color matrices in the adjoint representation, and W is the path ordered 
exponential along the x'^ direction in the adjoint representation of the SU{Nc) group 


lR-oo,oo[-4 ](a; ,Xt) = Pexp 


-ig 


dx+A^{x ,Xt)Ta 


(9) 


Even though the functional S[p, A] has an imaginary part, we will use the term action 
when referring to it since the average of any gluonic operator 0{A) in the hadron is 
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calculated as 


S[Dp'‘]\DA^]0{A) eMiS\p,A]} 
![Dp>‘] [DAi] exp{!S[p, xl]} 

The exponential of the imaginary part of the action 


Im S' = J (fxtF[p‘^] 


( 10 ) 


( 11 ) 


can be thought of as a kind of “free energy”. The “Bolzmann factor” 


exp{- J ifx,F[p‘‘]} 


( 12 ) 


appearing in (|^) controls the statistical weight of a particular conhguration of the two 
dimensional color charge density p°‘{xt) inside the hadron. 


Since the action (|3) is a little different than the one used in [g], some clarifying 


remarks are in order here. In the McLerran - Venugopalan (MV) action the “free 

energy” was taken to be a gaussian of the form 


F[p{,xt)] = (13) 

The dimensional constant then has the meaning of the average color charge density 
squared per unit area. This form of the “free energy” is valid as long as the charge 
density is large and the color charges that build it up are randomly distributed in color 
space. 


In this paper we prefer not to specify F[p] explicitly, but rather think of it as a 
general positive dehnite functional. This we do for two reasons. First, for the purpose 
of derivation of the BFKL equation we will not need the explicit form of F. Second, 
the low X renormalization group procedure that we employ, in the general nonlinear case 
results in an equation of the form 

Tf|p] = aA|p] (14) 
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so that the functional form of F changes as one considers lower and lower values of x. 
In fact our expectation is that ( 0 ) will have a hxed point as a; —^ 0, thereby providing 
a mechanism for unitarization. 


Another element which is different in the action m from the MV action is the last 
term which involves the Wilson line along the x'^ direction. The origin of this term is 
easy to understand. It is a natural gauge invariant extension of the abelian coupling 
of the glue held to the external color charge density The equation of motion that 
follows from this action is 

= J+5^+ (15) 


with 

T,W_^^AA-]T,W,+^^[A-] 

Expanding this expression for the current to lowest order in the held A~ yields 




(16) 




( 17 ) 


which is the form of the current used in |p, |^. As explained in |p, this form is only 
valid in the gauge A~{x~ = 0) = 0. In more general gauges the current should satisfy 
the covariant conservation condition 


D-J+ = 0 


(18) 


It is straightforward to check that our current ([T^) is indeed covariantly conserved. This 
is a direct consequence of the fact that the action (|^) in the light cone gauge A+ = 0 is 
still gauge invariant under the residual gauge transformations with gauge functions which 
do not depend on x~ and vanish at x'^ —>■ ±cx). Under an inhnitesimal transformation 
with such a gauge function \°‘{xt-iX'^) we have from the Wilson line in the action 

6S 


o = ssw = J = ly(D-j+r 


(19) 
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Thus the gauge invariance is equivalent to covariant conservation of the current^]. 


Now, the MV approximation for calculating the path integral in eq.(pT[) is to hnd the 
classical solution for the equations of motion eq. ( 0 ) at fixed p , and then to average 
over the charge density distribution with the “Bolzmann weight” eq.(^). The classical 
solution for any hxed p{xt) has the structure 


^ci — 0 


= U = 9{x )a'^{xt) 


( 20 ) 


The presence of the extra terms in our action as compared to ref. 0 does not change the 
classical solution since the extra terms involve only A~ which vanishes on the classical 
solution anyway. The quantum corrections to this classical approximation are large at 
small longitudinal momenta. To resum these large corrections we follow the renormal¬ 
ization group procedure described in O . 


Let us introduce the following decomposition of the gauge field: 


= KM + + KM 


( 21 ) 


where is the solution of the classical equations of motion, ^24“(x) is the fluctuation 

held containing longitudinal momentum modes such that < P^-i while 

a is a soft held with momenta k'^ < P^, with respect to which the ehective action 

is computed. The initial path integral is formulated with the longitudinal momentum 

cutoh on the held 5A, < P^-i- The ehective action for is calculated by integrating 

over the huctuations 6A. This integration is performed within the assumption that 
^The charge density p{xt) has the meaning of a transition matrix element. Roughly speaking, 

p°‘{xt) ~< ^'il J dx~p{xt,x~)\'i>f > 

where j°'{xt,x~) is the charge density operator of the energetic partons, and > and I'I'y > are 
their wave functions at x'^ —> — oo and x'^ oo respectively. It is therefore natural that p{xt) is 
gauge invariant under gauge transformations that vanish at inhnity. Under x'^ independent gauge 
transformations it transforms as an adjoint field. 







the fluctuations are small as compared to the classical flelds More quantitatively, 

p+ 

at each step of this RG procedure the scale is chosen such that In> 1, but 

p+ 

(Us In<< 1. Expanding the action around the classical solution b^{x) and keeping 

-^n ^ 

terms of the first and second order in SA we get 

S'= —-G(a)^ —-(5R^[D + ga p' + 0{{a )‘^) + iF[p] (22) 

where 

p' = p + 5pi + 6 p 2 (23) 

with 

Spl{xt,x+) = -2r^^a^^SA^{x-= 0) (24) 

e{y^ - a;+) - 6'(a;+ - y^) (5R"''(|/+, Xt, x~ = 0) 

and 

Sp 2 i^) = -r'^V^SAl{x)]SA^{x) 

- ^p^{xt) J dy^6A~‘'{y^,xt,x~ = 0) J dz^SA~‘^{z^,xt,x~ = 0) 

X e{z^ - y+)e{y+ - a;+)trT“T"T'='T^ 

+ e(x+ - z+)e(z+ - |/+)trT“T^T"T^ 

+ e{z+ - x+)e{x+ - |/+)trT“T‘^T^T" (25) 

The first term in both Sp1 and 6 p 2 is coming from expansion of in the action while the 
rest of the terms proportional to p are from the expansion of the Wilson line term. The 
three terms correspond to different time ordering of the flelds. Since the longitudinal 
momentum of a~ is much lower than of 5A, we have only kept the eikonal coupling (the 
coupling to a~ only), which gives the leading contribution in this kinematics. The inverse 
propagator is given by 

'j}-^Wx,y) = \D^{h)F^ + DHh)DHh)\ 5^^\x,y) (26) 

-I a6 L 2 ab 


- Jdy* 
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D-1 
D-^ 


i+ 

ab 
++ 
. ab 


{x,y) 

{x,y) 


-[dtDab{b)S^^\x,y)+ 2fabcal{xt)6{x )6{y )6^^\xt,yt)6{x+,y+)] 
{d+f6abS^^\x,y) + fabcp''{xt)S{x~)6{y~)e{x+ - y+)6^‘^'>{xt,yt) 


Two things should be noted here. First, formally 6 p is a function of x'^ and x~ as 
well as Xt- However, it is a function of ^H’s which only have longitudinal momenta much 
larger than the momenta in the soft field a. The (light cone) time variation scale of 

is therefore ^ ~ and is much larger than the typical time variation scale of the 
on shell modes of the field a. From this point of view 6 p is therefore for all practical 
purposes (light cone) time independent. As for x~ dependence, the only term which 
does not have an explicit S{x~) is the first term in eg. (^Sf) . However remember that 
we are only interested in its low longitudinal momentum components since it couples 
directly to a~ in the effective action. So, in momentum space we are interested in 
jabc j Since the leading logarithmic contributions comes 

from the region >> k~^, to this accuracy this expression does not depend on and 
is therefore also S{x~) in coordinate space. Therefore 6 p behaves as an honest-to-God 
addition to the static, local in x~ charge density p. 

Second, note that we have not written out explicitly higher order in a~ terms in 
the effective action. There are of course such terms, which come from expanding the 
Wilson line part of the action. Disregarding these terms gives the effective action with 
the coupling of the field a~ to the charge density of the form a~p. However, imposing 
gauge invariance on the final result together with the requirement that the linear in a~ 
term of the gauge invariant action should coincide with the result of our calculation, 
the full gauge invariant form of the effective action will be recovered. In the following 
therefore we will concentrate on the linear term a~p only. 

The procedure now is the following: 

1. Integrate over at fixed p and fixed 5p. 
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2. Integrate over p at fixed p' = p + 6p. 

This generates the new effective action which formally can be written as 

exp{iS'[p', a^]} = exp{—F'[p'] — -G^(a) + igap'} (27) 

with 

exp{-F'[p']} = J[Dp][D6A] 6{p - p - 5p[M]) exp{-F[p] - ^6AD-^[p]6A} (28) 

Of course, to leading order in In 1/a: only terms linear in In 1/a: should be kept in F'. 
Dehning 

as\n-A[p]=F'[p]-F[p] (29) 

X 

gives the RG equation 

= aA[p] (30) 

In this way our renormalization group procedure leads to a set of evolution equations 
for all coefficient functions in the functional F[p]. Technically the most complicated part 
of the calculation in eq.(^) turns out to be the inversion of the operator D~^ which 
arises after integration over SA. The rest of the integrations in eq.(^8l) can be performed 
explicitly and it is possible to express A explicitly in terms of D[p]. This work is now in 
progress. In this paper however, we will only consider the weak field limit. In this limit 
D can be expanded in powers of p. We will show in the next section that the evolution 
equations eq. (|30|) yield in this limit the celebrated BFKL equation. 

3 The weak field limit and the BFKL equation 

In our semiclassical approach the glue distribution function is given by (see ref. 0) 

g{x,Q‘^) = - f (fktd^{xt - y^)e-^^dxt-yt) a\{xt)a\{yt) »p (31) 
X Jo 
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where by << >>p we denote the average over the ensemble of p{xt) with the statistical 
weight eq.([I^. In the weak held regime the classical held a* is related to the charge 
density by (0) 


a 


i 

a 


8 % 


(32) 


It therefore follows that 


xgix, Q^) 



(33) 


with 

= j d^{xt - << p{xt)p{yt) »p (34) 

The unintegrated gluon density (p is therefore nothing but the Fourier transform of the 
correlation function of the color charge density. To see how the BFKL kernel arises we 
should therefore compute the charge density correlation function << p'p' »p after one 
step in our RG procedure. 


One could do it of course by calculating F' hrst, and then averaging over p. However 
in the weak held case it is simpler to directly express << p'p' >> in terms of << pp » 
using the explicit relations eqs. (|2^,^,|2^) 


« p'p' »p 


« [< {p + Sp){p + 5p) >5a] »p (35) 

« pp »p +2« P< Sp >5A»p + « [< Sp6p >5a] >>p 


Here < >sa denotes averaging over the hard huctuation held 6A at hxed value of p. 
The relation between the correlators becomes explicit already after averaging over 6A so 
that the averaging over p does not need to be performed explicitly. 

Noting that 6pi is linear in 6A while Sp 2 is quadratic in 6A (eqs.^,^) we have 

< Sp >SA = < Sp2 >&A (36) 


and 


< 5p6p >SA = < SpiSpi >5A 


(37) 
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The second equation is valid to leading order in ttsln^. As we shall see now, eqs.(^6D 
and (|T7[) contribute the virtual and the real part of the BFKL kernel respectively. 


3.1 The Virtual Part 

Let us start by considering eq.(^). It has the diagrammatic representation of Fig.l. 



Figure 1: The virtual diagrams. The solid lines represent the effective vertex 
arising from expansion of the Wilson line in the action. The wavy line rep¬ 
resents the free propagator of the hard fluctuation field 6A. The dashed lines 
indicate the coupling of the soft fluctuation field a~. 


The diagram on Fig. la corresponds to the calculation of 


< V2i(^) >SA (38) 


where the propagator of the fluctuation held is expanded to hrst order in the color charge 
density p. Explicit lyQ 


<{d+5A’flx)5Aflx)>sA = 


X 


J [D5Ai]{d-^5A\{x))5Aflx)e^p[~G‘^] (39) 

2 + 

|- [ d^Ztp^^iztfliT'^ f dy+6A-{y+)6A-{z+) 


^There is in principle another contribution to this quantity: the standard gluon self energy diagram. 
It however does not give a contribution logarithmic in x, and for this reason is not considered here. 
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In terms of free gluon propagators this is 


• 2 

<(d*SA'’(x)SAt(x)>iA = '■yT'" j d‘zp‘(z,) 


X - <9+G*"(a;+ - z'^) j dy^G^~{x^ - y^) 

+ J rf|/+(9+G*"(a;+-|/+)G*“(a;+- ;2+) (40) 

where only the + components of the arguments of the propagators are shown explicitly 
since the transverse coordinates are all equal, and y~ = z~ = 0. Here 

G-(P) = % ( 41 ) 

P+p^ 

^ [P) — I 2 

P+pz!. 

Performing the z^, z~, y^ and y~ integrations we obtain 

< {d+5A\{x)5A‘r{x) >SA = d^ztp^izt) J 

X ’ _M_■ 

p+(p“ — ie){p‘^ + fe)(2p“p+ — qf + ie) 

The ie prescription for the p~ pole follows from adding a convergence factor to the 
exponentials when performing integrals of the form 


so that there is no contribution from inhnity. Also the p'^ integral is restricted to run 
between the lower and upper limits of the momentum region where the hard fluctuation 
helds are being integrated out. 

Closing the integration contour in the complex p~ plane, the p~ integration is easily 

P”*" A + P^ 

performed. The p'^ integral then factors out as f„+~^ which gives In = In ^ 2 ^. 

P„ P P„ Xn 

Finally 


< (d+SAUx)SA^(x) >SA= ^rAn 


g tabc.Xn-l f ,2 


d Ztp^'iZt) 


d\ d^pt Pt ■ qt 


27r^ {2n)H2nrph^ 
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Fourier transforming the above equation and shifting pt ^ Pt — Qt gives 




g^Nc Xn-l an ^ 
In- p {kt) 


(2vr)' 


Xr, 


kt r d'^pt 

f d‘^pt 

_ 2 J pl{pt - ktY ^ 

' Pt . 


(44) 


The contribution of Figs. l(b,c,d) to the color charge density is 




-g^Nap'^ixt) j dy""dz^G (?/+ 

9{x+ - z^)9{z^ - y^) + ^0{z^ 


z+) 9{z+-y+)9iy^ 
x+)9{x^ - y^) 



(45) 


This is the average of the rest of the terms in eq.(^) with all gloun propagators taken to 
be free propagators. The different theta functions represent the different order of emision 
of the soft held a“(x’''). The hrst two terms correspond to diagrams where the soft held 
is emitted either before or after the hard huctuation has been emitted and reabsorbed, 
while the last term corresponds to emission during the time the hard huctuation was “in 
hight”. The factor 1/2 in the third term is the result of color algebra. Using the identity 


9{z+ -y+)9{y+ -x+)+9{x+ -z+)9{z+ -y+) + 9{z+ -x+)9{x+ -y+) = 9{z+-y+) (46) 


this expression can be written as 


<dp22{xt)>sA = -g‘^Nap‘'{xt) J dy+dz^G (?/+- z+) 

9{z^ - x^)9{x^ - y^) 


9{z^ - y^) - 


(47) 


The hrst term which is totally independent of x~^, vanishes since it is proportional to 
G {p~ = 0) and G (p“) ~ We therefore obtain 

a‘^N r 

< 5pl2{xt) > 5 A= J dy+dz+G—{y+ - z+)9{z+ - x+)9{x+ - y+) (48) 

After Fourier transforming to momentum space and using the explicit form of the free 
propagator for G this yields 

g'^Na , Xn-l a/, ^ f ^'^Pt 


< >M= f 

yZTT J Xy). *7 


Pt 


( 49 ) 
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Combining equations (|^) and (^9[) gives 


< 6pl{kt) >5A = 


2(27r) 


In 


Xr, 


-p'"{kt) / d'^pt 


k^t 


Pt{Pt - ktf 


(50) 


This is the contribution of all virtual diagrams to the change in the color charge density. 


3.2 The Real Part 


Now we have to compute the connected correlator of dpi 


SfT = - |/“‘V‘(x,) I dy^ 


d{y"^ - a;+) - - y^) 


dA-\y^) (51) 


The two theta functions in the second term again correspond to emmision of the soft 
held before and after the emmision of the hard huctuation respectively. 

The procedure to compute < 5p“(xt)5p“(j/i) is as before; we contract the hard 
huctuation helds 6A and use free propagators for < 6A6A >sa- Squaring the hrst term 


in eq. (|^ gives 


O ]\J qp ^ 

< SpUx,)Sp'‘n{Vt) >M= -^(27r)V(i, 


(2A 

This contribution diagrammatically is depicted on Fig. 2.a. 


Xr^ 


(52) 


Y 


Y 


nro7nrsTnnrt5T57n^ 


Figure 2.a: The diagram for the contribution of eq. (|5^. The crosses denote 
insertions of the background field «*. The rest of the notations are as in Fig.l. 

Squaring the second term (Fig. 2.b) gives 

< Sp1,(xt)Sp1^(y,) 1,1 ^f'‘(x,)p-{yt) / (53) 

Xn d Pi 
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Figure 2.b: Contribution of eq. 


while the contribution of the cross term (Fig. 2.c) is 


2 < Spl2{xt)6p2i{yt) >5A= 


4igN. Xn-l ar N af 

In- ai{xt)p [yt 


(27r)= 


Xr. 


^ CP^Ct-yt) 

Pt 


(54) 




Figure 2.c: Contribution of eq. (^). 


Fourier transforming to momentum space, using 

and combining the three contributions we obtain 

< 5pl{kt)5pl{-kt) >iA = f ciW“(Pt)p“(-pO 

yZ7T J Xfi J 

1_ I 1 _ Pt • {pt - kt) 

_Pt {pt-ktY pl{pt-ktY_ 


(55) 


(56) 
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The use of the identity 


- 2 


Pt ■ {Pt - kt) _ _ 

Pt{Pt - ktf p? {pt - ktY ' pl{pt - ktY 


+ 


k^ 


(57) 


gives 


2n‘^N r 1 r 

<5pUkt)Spti-kt)>sA = (58) 


(27r)= 


Xr. 


PtiPt - ktY 


This is the contribution of all real diagrams to the change in charge density. 


Inserting the expressions eqs. (l5q) and (|50D into equation (pq) we obtain 


<< p{kt)p'{-kt) »p - « p{kt)p{-kt) 


g‘^Nc , Xr,-1 

In- 


(2vr)' 


X 


Xr 


(fpt 


kl 


Pt{Pt -ktf 


« p’^{kt)p‘"{-kt) »p -2 « p“(pi)p“(-pt) 


(59) 


Identifying << p{kt)p{-kt) »p= p{y,kt), and << p'{kt)p'{-kt) »p= (p{y + dy,kt) as 
in eq. (^4|) , the equation (1^) can be rewritten in differential form to give precisely the 
BFKL equation eq.(||). 


4 Discussion 


We have shown in this paper that the RG equation of our low x Wilson renormalization 
group procedure reduces to the BFKL equation in the weak held limit. This in itself is 
very satisfying and encourages us to continue the study of our low x effective action. 


It also demonstrates the relation of the semiclassical aproach of P, |11| in its present 


form to other more conventional approaches to low x physics. In this connection it is 


specially illuminating to compare it with the effective action approach of Lipatov [12 


In fact, an attentive reader must have noticed a lot of similarities between our effective 
action eq. (|^) and the one used by Lipatov for description of the high energy scattering 
in the multi-Regge limit of QCD|^,[]^ (cf. Eqs. 210, 249 in [^). 
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SL^r>atov = d^R-d^R+-\G^ (60) 

+ -^d‘^Rl{x)tlTaW^+=_oo,x+=oo[A~] 

’ C 

(61) 

where 

d+R- = d-R-^ = 0 (62) 

This action describes gluons interacting with reggeons -R+ and R~ corresponding 
to the quasistatic gluon helds dominating the t - channel exchange in the high energy 
scattering in multiregge kinematics. Our static color charge density obviously plays the 
role of the reggeon helds. More explicitly, by comparing the interaction terms in (^) and 
(|6T|) one should identify p{xt)6{x~) with d^R'^. The Wilson line term, which describes 
the interaction of the reggeon with gluons is otherwise the same in eqs.(j^) and ( 0 . 
The calculational strategy is actually similar up to a point. In both approaches one hrst 
solves for a gluon held in a given reggeon (classical charge) background and then expands 
the action around this classical conhguration. 

There are however some conceptual as well as technical diherences between the two 
approaches. As far as we can tell the reason for this is twofold. First our action is 
constructed to describe the structure of one source of color held (nucleus or hadron DIS 
structure function) and not the collision of two hadrons. In our case only one component 
of the reggeon held (charge density) does not vanish, and R~ = 0. Secondly although one 
is tempted at hrst to identify the d^R^d^R~ (reggeon propagator) term in eq.(|6l|) with 
our F[p\, the two terms in fact represent very diherent physics. As discussed in Section 
2, F[p] is the statistical weight with which a given charge density (reggeon) conhguration 
is present in the hadronic wave function. Consequently, it appears as an imaginary part 
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of the action. The reggeon propagator term in SLipatov on the other hand is real and is 
included to reproduce the Born term in the scattering amplitude of one hadron in the 
Coulomb held of the otheiQ. Related to this is the fact, that technically the BFKL kernel 
appears quite differently in the two calculations. In our case the action calculated on 
the solution of classical equations of motion vanishes. The contribution to the kernel 


therefore entirely comes from the small huctuation integral. In the case of Supatov, |T2 


it is only the virtual part of BFKL kernel that comes from the integral over the small 


huctuation. The real part of the kernel according to []I3 appears already in the action 
calculated on the classical solution. 

We would also like to note, that due to the fact that in our approach J~ vanishes, 
the classical solution is simpler. We are hoping therefore that the small huctuation 
propagator in this classical background can be calculated explicitly along the lines of 

0 . 

The low X renormalization group procedure described in the present paper and in 
^ is a new element and it would be also interesting to incorporate it in the analysis 


of SLipatov Here we want to make one remark about the nature of this renormalization 
group procedure. It looks diherent from the standard RG used in the analysis of DIS 
at moderate x, in that it is the change in the longitudinal rather than the transverse 
momentum scale that dehnes the block spin procedure. Conceptually however, the two 
are very similar. It is more physical to think about the modes which are being integrated 
out not in terms of spatial momentum, but rather in terms of the frequency p~. The 
leading contribution to the scattering cross section comes from the interaction of the 
external probe with the quark and gluon modes which are practically static during the 
interaction time. The influence of the modes with frequencies higher than the inverse 

interaction time of the scattering process averages to zero. When the interaction time 

^ In fact it seems to us that besides the reggeon kinetic term the weight factor for different reggeon 
configurations should be present also in the two hadron case. 
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becomes smaller, more and more field modes behave like static fields from the viewpoint 
of the external probe. The intensity of the “static” field therefore effectively grows as 
the time of the interaction decreases. 


Both lowering x at fixed and raising at fixed x in DIS resnlt in shorter inter¬ 
action time between the hadron and the external probe. This is precisely the physical 

mechanism which nnderlies the growth of the partonic distribntions both at smal x and 

2 

at large Q^. Ronghly one can think of the on shell freqnency ^ as defining the 

relevant time scale for qnantnm finctanations with given spatial momentum. When the 
longitndinal momenta of all the relevant modes are of the same order the freqnency is 
determined entirely by the transverse momentnm. The evolntion in freqnency then be¬ 
comes the evolntion in Q^. This is the sitnation in the DIS at moderate x. If all the 
transverse momenta are of the same order, the freqnency is governed by the longitndinal 
momentnm. This is the case of the low x renormalization gronp discnssed in this paper. 


The interchangeability ofp“ and 1/p^ breaks down however, if the interaction spreads 
over wide range of transverse momenta. This seems to be the case in the BFKL evolntion, 
the asymptotic solntion for which has the character of a random walk in the transverse 
momentnm space JT^. It wonld be interesting to formnlate the nnifying RG procednre, 
which nses the freqnency directly as the RG evolntion parameter. Potentially this conld 
cnre the problem with the low kt modes in the BFKL evolntion, since in this kind of 
procednre those, being low freqnency modes shonld apear in the initial condition rather 
than in the evolntion itself. 


To snmmarize, in this paper we have considered the renormalization gronp approach 
to the low X effective action in the weak field regime. Glearly the more interesting and 
more complicated part of the problem is to penetrate the nonlinear regime, where the 
finctnation field propagator has to be compnted to all orders in p. This work is now in 
progress. 
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